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A Bayesian Approach to the Laplacian-like Inverse Problem

The Congress expects to attract 3000 delegates, including approximately
2000 from North America. ICIAM 2011 will be the most important
worldwide event in the fields of applied mathematics and computational
sciences during the current four-year period. Delegates will include leading
thinkers, decision makers, and those outstanding researchers and professionals
who will shape the development of the discipline in coming years. Twentyseven principal invited speakers spearhead the Congress program, and there
are many invited minisymposium sessions being organized in special focus
theme areas. Contributed talks and poster sessions will balance out the
program. There will also be a highly publicized public community lecture.
Sessions will be held in the Vancouver Convention Centre. Don’t miss this
very worthwhile conference.

7th International Congress on
Industrial and Applied Mathematics
July 18–22, 2011
Vancouver, British Columbia, Canada
ICIAM 2011 will highlight the most recent advances in the discipline and
demonstrate their applicability to science, engineering, and industry. In
addition to the traditional, strong focus on applied mathematics, the
Congress will emphasize industrial applications and computational science.
An integrated program will highlight the many outstanding contributions
of applied mathematics. ICIAM 2011 will also be an opportunity to
demonstrate to young researchers and graduate students the vast potential
of mathematics.
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Special Focus Themes
• Computational and Modeling
Challenges in Industry
• Control Theory
and Applications
• Design and Verification
of Complex Systems
• Dynamical Systems
and its Applications
• Economics and Finance
• Environmental Science,
including Ocean, Atmosphere,
and Climate
• Fluid Mechanics
• Graphics, Visualization,
and Computation
• Image and Signal Processing
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• Materials Science
• Mathematical Biology
• Mathematical Medicine
and Physiology
• Mathematical Physics
• Mathematical Programming
and Industrial Applications
• Molecular Simulation:
Quantum and Classical
• Numerical Analysis
• ODE, PDE, and Applications
• Scientific Computing
• Solid Mechanics
• Statistical Sciences

P OSTERIOR C ONSISTENCY - D IAGONAL C ASE
Define ∆ = 14 + α2 + ` − β2 , and assume that ∆ > 0 (the prior is indeed regularizing).

Welcome to Vancouver!

We study optimal rates of convergence for the different values of γ:

Incredible mountains, sparkling ocean, and a cosmopolitan flair make
Vancouver perfect for work or play. Exceptional cuisine, first-class hotels,
and outstanding facilities, including the award-winning expanded
convention center, are just some of the things that will make your
Vancouver experience unforgettable.
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-Theorem: If the truth is smooth enough, in particular if γ ≥ 0
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i) If the noise and the true solution are not too smooth, β − 2` ≤
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We start with the Laplacian-like Inverse Problem with noise and prior covariances
diagonalizable in the eigenbase of the Laplacian and generalize to more general
situations. We are always assuming a separable Hilbert-Space setting.
Dr. Kerry Landman
University of Melbourne

Dr. Peter Fritzson
Linköpings universitet

Dr. Mark Lewis
University of Alberta

Dr. Zhi Geng
Peking University

Dr. Michael Ghil
University of California, Los
Angeles

Dr. Bin Yu
University of California,
Berkeley
Dr. Pingwen Zhang
Peking University

Dr. Christian Lubich
Universität Tübingen

τn = n

The Congress is being planned by:

Canadian Applied and Industrial
Mathematics of Information
Mathematics Society
Technology and Complex Systems

Andrew Stuart

The University of Warwick, Coventry, UK

Inverse Problems are concerned with determining causes for a desired or an
observed effect. In our context, we want to invert a linear operator from noisy
observations of its image.
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and γ < 4∆, for

,

−γ
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† 2

E mn − u
n
.
If the true solution is too smooth, γ ≥ 4∆ , then the rate does not improve as γ
increases, i.e. the rate saturates at
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Numerical results are presented which support this theory.
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n

Consider the Inverse Problem to find u from y, for
1
−`
y = A u + √ ξ, ` > 0,
n

α−γ
4∆+2γ−2α+ε

1
2

(IP)

where ξ ∼ N (0, C1) and A is selfadjoint.
- Likelihood: for fixed u the law of y|u, called the likelihood, is N (A−`u, C1).

−4∆
6∆−α+ε

.

ii) If the noise is too smooth, β − 2` > 12 , then the resulting rate is arbitrarily close to
n−1.
Observation: in (i) for α > γ the prior distribution becomes uniform as n → ∞,
α < γ it contracts to a Dirac, α = γ it stays fixed. In the last case the prior regularity
matches the regularity of the true solution so rescaling is redundant.

S IMULATED R ATES OF C ONVERGENCE

- Prior: we now need to choose a prior distribution for the unknown u, based on any
prior knowledge we have about u. Let u ∼ N (0, τ 2C0).

0.8

- Posterior: in the Bayesian Approach, the solution of (IP) is the distribution of u|y,
called the posterior distribution. Here the posterior is N (m, C) where

0.7
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m = C0A−`(n−1τ −2C1 + A−`C0A−`)−1y := Ly
− rate

0.5

and
2

−`

2

0.3

C = τ C0 − τ LA C0.
Assume we have observations of the form

0.2

0.1

1
yn = A u + √ ξ
n

0

−` †

(DM)

(PM)

We examine the consistency of the posterior mean in the sense
→0

||u||2s =

k=1

E C0

∞
X

where

k2shu, φk i2.

, A = C0 and C1 = C0 where
Suppose that in (IP) we have C0 = (−∆)
α > 0, β ≥ 0, i.e. C0, A−` and C1 are diagonalizable in the same eigenbasis.

3
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2(θ2 −1)∆ 1
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θ1 −θ2 +2

u†

,



In the diagonal case the assumptions are trivially satisfied, so we can examine if the
general theory agrees with the rates obtained in the diagonal case.

Following the usual practice in Inverse Problems, we will assume in (DM) that we
have the a-priori information on the regularity of u†, that u† ∈ Hγ , γ ≥ 0.

- For β − 2` ≤ 0, we can choose θ = 2`−β
2∆ in the general method to get the rate for
2
E mn − u† . Compared to the diagonal case, we require higher regularity of the
true solution in order to have convergence (γ ≥ 12 + α) and the rate saturates earlier
(γ = 12 + α + 2∆). For γ ∈ 12 + α, 12 + α + 2∆ the rate agrees with the diagonal
case.
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1

2.5

and where θ1, θ2 are chosen so that E(κ2) < ∞.

2β
1+2α

2`
1+2α

−`


κ = max

k=1

− 21 −α

2
γ

Observation: The estimated rates saturate at γ = 2.5 as predicted by the theory.

2`−β−2θ∆
1+2α

Let ∆ be the Dirichlet Laplacian in I = (0, 1) and {k2, φk } its orthonormal
eigenbasis. Define the ”Sobolev-like” spaces
k2shu, φk i2 < ∞},

1.5

-Theorem: Under weaker, non-diagonal assumptions on the equivalence of C0 to
A−` and C1, using PDE methods and interpolation inequalities we have that for
θ ∈ [0, 1]
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Hs = {u :

1
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as n → ∞ and for appropriate choice of τ = τ (n).

∞
X

0.5

2

mn = Lyn.
E mn − u

0

Figure: Rates of convergence of E mn − u† plotted against γ. In red we have the rates predicted by
the theory and in blue we have estimated rates using the average of 160 realizations.

where u† is the true solution. Then the posterior mean is

† 2
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(a) γ = 12 , n = 104 , mn − u† ≈ 0.29 (b) γ = 1, n = 104 , mn − u† ≈ 0.097 (c) γ = 32 , n = 104 , mn − u† ≈ 0.046
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The discrepancies can be explained by the fact that in the general method, the choice
of θ1, θ2 which determines both the minimum requirement on the regularity of u† and
the saturation point, is independent of the choice of θ. This means that on the one
† 2
hand to get convergence of E mn − u
we require conditions which secure the
convergence of stronger norms of the error and on the other hand the saturation rate
2
for E mn − u† is the same as the saturation rates for weaker norms of the error.
- For β − 2` > 0, the general method provides rates only for stronger norms of the
2
error, hence it secures the convergence of E mn − u† but at suboptimal rates.
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(d) γ = 21 , n = 106 , m − u† ≈ 0.11
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(e) γ = 1, n = 106 , m − u† ≈ 0.022 (f) γ = 32 , n = 106 , m − u† ≈ 0.0073

Figure: Realizations of the true solution (blue), the posterior mean (black) and the observation (red)
for α = 41 , β = 12 , ` = 12 , for three values of γ and for n = 104 (1st line) and n = 106 (2nd line).

Observation: We have a better reconstruction when the truth is more regular.
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